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Abstract

We present a consistent framework for computing shareholder and firm values of derivative portfo-
lios in the presence of collateral, counterparty risk and funding costs in a multi-currency economy.
The results extend the single currency economy results from Kjaer [2] and the major difference is
that the effective funding spreads now include cross currency basis spreads. This is a consequence
of having to hedge the foreign exchange rate risks that arise from converting funding in one cur-
rency into collateral in another. The resulting valuation adjustments have been implemented in
the forthcoming Bloomberg MARS XVA product.
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1 Executive summary

We provide consistent calculations for shareholder and firm value adjustments (“The XVA metrics”)
for a derivative portfolio between a bank and a counterparty in the presence of counterparty
risk, funding costs and collateral support annexes (“CSA”) in a multi-currency economy. This
setup extends the single currency calculations presented in Kjaer [2] and the resulting valuation
adjustments have been implemented in the forthcoming Bloomberg MARS XVA product.

The XVA metrics

The multi-currency shareholder and firm values V̂ and V̂FV are decomposed in the same way as
the single currency counterparties in Kjaer [2] with

V̂ = VOIS + COLV A+ FCV A+ FV A+MVA

V̂FV = VOIS + COLV A+ FTDCV A+ FTDDV A+ FV VMV A+ FV IMV A

where

• VOIS and VCSA: the OIS and CSA discounted risk-free values.

• COLV A: COLlateral Valuation Adjustment.

• FCV A: Funding Curve discounted Credit Valuation Adjustment.

• FV A: Funding Valuation Adjustment.

• MVA: Margin Valuation Adjustment

• FTDCV A: First-To-Default Credit Valuation Adjustment.

• FTDDV A: First-To-Default Debit Valuation Adjustment.

• FV VMV A: Firm Value Variation Margin Value Adjustment.

• FV IMV A: Firm Value Initial Margin Value Adjustment.

Major differences compared to the single currency valuation adjustments:

• The funding spread include the cross currency basis spread between the funding and collateral
currencies.

• The funding currency risk-free rate is used for discounting the firm value metrics.
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Credit, funding and CSA curves

All XVA metrics need the following market data:

• Counterparty credit curve.

• Domestic and trade cash flow currency discount curves, with CSA currency collateral.

• Bank funding currency OIS discount curve.

• Domestic discount curve, with bank funding currency collateral.

• Variation and initial margin collateral spreads per CSA (if applicable).

Shareholder value metrics only:

• Bank unsecured (i.e. risky) discount curve denominated in a chosen funding currency.

Firm value metrics only:

• Bank credit curve.

Other assumptions

1. Frictionless continuous time and amount trading.

2. All hedge assets are traded on a collateralised (or repo) basis.

3. The market risk factors are independent of JB and JC .

4. Single bond funding strategy with a single funding currency used.

5. Full re-hypothecation of variation margin collateral.

6. Initial margin collateral is held by a third party custodian who pays the interest on it.

7. The variation and initial margin accounts may have multiple (and different) eligible currencies
with full substitution rights.

8. No basis spreads between bank debt of different seniorities. Cross currency basis between
bank debt in different currencies.

9. Deterministic recovery rates for bank and counterparty debt and derivatives (these recovery
rates can be different).
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2 Introduction

In Kjaer [2] we derive consistent shareholder and firm value XVA metrics for a derivative portfolio
between a bank and a counterparty in a single currency economy in the presence of variation and
initial margin collateral, counterparty risk and funding costs. This paper extends these results to
a multi-currency economy where portfolio trade cash flows, funding and collateral can be denom-
inated in different currencies. Intuitively, if one raises funds in one currency to post as collateral
in another the cross currency basis spread between the funding and collateral currencies should
be included in the effective funding rate. As seen in Table 1 cross currency basis spreads may be
sizable and this is our motivation for modelling them.

Term Ticker Pay Receive Mid

3 M JYBSC -32 -26 -29
6 M JYBSF -33 -27 -30
9 M JYBSI -35 -29 -32
1 Yr JYBS1 -41 -31 -36
2 Yr JYBS2 -49 -41 -45
3 Yr JYBS3 -56 -50 -53
4 Yr JYBS4 -62 -56 -59
5 Yr JYBS5 -65 -64 -64
6 Yr JYBS6 -68 -67 -67
7 Yr JYBS7 -72 -66 -69
8 Yr JYBS8 -72 -66 -69
9 Yr JYBS9 -71 -65 -68
10 Yr JYBS10 -66 -65 -66
12 Yr JYBS12 -64 -58 -61
15 Yr JYBS15 -56 -50 -53
20 Yr JYBS20 -45 -42 -44
30 Yr JYBS30 -34 -31 -32

Table 1: USDJPY cross currency basis spreads in basis points on 03-Feb-2015. Source: Bloomberg

The methodology and notation of this paper deliberately follow that of Kjaer [2] closely. Many,
but not all, of the results and conclusions remain unchanged when moving to a multi-currency
economy and will not be repeated. Hence it is important to read and understand Kjaer [2] before
turning to this paper. The resulting XVA metrics are implemented in the forthcoming Bloomberg
MARS XVA product.

This paper is organised as follows: The assets and accounts of the multi-currency economy are
introduced in Section 3. In Section 4 we then derive partial differential equations for the share-
holder and firm values for a general multi-currency funding strategy, and generalise the reference
value definition to a multi-currency setup. In Section 5 we fix a funding strategy with one bond
denominated in the funding currency. We interpret the results in Section 6 before discussing the
model assumptions in Section 7. We conclude in Section 8. The detailed derivation of the semi-
replication and valuation adjustments are given in Appendix A and B. Multiple netting sets and
CSAs are discussed in Appendix C. The invariance with respect to the reporting currency under
certain circumstances is proved in Appendix D.
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3 Hedging assets, accounts and rates

We consider a portfolio of derivative trades between a bank B and a counterparty C in a multi-
currency economy with assets, accounts and rates given in Table 2. For simplicity we assume all
trades belong to a single netting set and credit support annex. The extension to multiple netting
sets and CSAs is straightforward and discussed in Appendix C.

i Currency index 0 ≤ i < N with 0 ≤ d < N being the domestic currency index

Xi Currency i FX spot rate. By definition Xd = 1 at all times.

X X = (X0, X1, . . . , XN−1)

ZTn
r,i Currency i default risk-free zero-coupon (maturing at Tn, n = 0, 1) bond price.

βZ,i, ri Currency i repo-account and rate secured against ZT0
r,i .

r r = (r0, r1, . . . , rN−1)

βX,i, γX,i Domestic repo-account and rate secured against ZT1
r,i .

rL,i Currency i continuously compounded Libor rate used for e.g. swap fixings.

Si, qi Currency i denominated spot asset price with dividend yield qi.

S S = (S0, S1, . . . , SN−1)

βS,i, γS,i Currency i repo-account and rate secured against Si.

PC , rC Currency iC counterparty overnight bond price and rate.

βC , γC Currency iC repo-account and rate secured against PC .

PF,i,j , rF,i,j Currency i bank un-secured overnight bond price and rate for seniority j.

βφ,i, rφ,i Currency i variation margin collateral account and rate.

βψ,i, rψ,i Currency i initial margin collateral account and rate.
Table 2: Assets, accounts and rates of the multi-currency econ-
omy. The bank bond index j is ordered by increasing seniority per
currency. The repo and collateral account values are per unit of
account.

All assets are traded on repo (i.e. on a fully collateralised) basis. In order to hedge currency i
interest rate and foreign exchange risk we need two zero coupon bonds ZTnr,i , n = 0, 1 with different
maturities, one of which is collateralised in its own currency with rate ri and the other which is
collateralised in domestic currency with rate γX,i. This setup is very similar to that proposed in
Piterbarg [3] and from the definition of these rates γX,d = rd for the domestic currency. For each
currency i the bank has multiple overnight bonds PF,i,j with different seniorities (and recovery
rates) RF,i,j for funding purposes.



8

The assets, accounts and rates in Table 2 are assumed to follow the real world dynamics

dSi(t) = µS,i(t, Si(t))Si(t)dt+ σS,i(t, Si(t))Si(t)dWS,i(t)

dXi(t) = µX,i(t,Xi(t))Xi(t)dt+ σX,i(t,Xi(t))Xi(t)dWX,i(t)

dri(t) = µr,i(t, ri(t))dt+ σr,i(t, ri(t))dWr,i(t)

dPC(t) = rC(t)PC(t−)dt− (1−RC)PC(t−)dJC(t)

dPF,i,j(t) = rF,i,j(t)PF,i,j(t
−)dt− (1−RF,i,j)PF,i,j(t−)dJB(t)

dβS,i(t) = (γS,i(t)− qS,i(t))βS,i(t)dt
dβZ,i(t) = ri(t)βZ,i(t)dt

dβX,i(t) = γX,i(t)βX,i(t)dt

dβC(t) = γC(t)βC(t)dt

dβφ,i(t) = rφ,i(t)βφ,i(t)dt

dβψ,i(t) = rψ,i(t)βψ,i(t)dt

(1)

where WS,i, WX,i and Wr,i are Wiener-processes with correlations ρSi,Sj , ρXi,Xj , ρri,rj , ρSi,Xj ,
ρSi,rj and ρXi,rj . The processes JB and JC are independent Poisson processes. The recovery
rates 0 ≤ RC ≤ 1, 0 ≤ RF,i,0 < RF,i,0 < . . . ≤ 1 are constant and the functions µS,i(t, s), σS,i(t, s),
µX,i(t, s), σX,i(t, s), µr,i(t, r), and σr,i(t, r) satisfy standard technical conditions to guarantee strong
solutions of the stochastic differential equations for Si, Xi and ri. For the domestic currency we
set σX,d(t,Xd(t)) = 0 and Xd(t) = 1 for all t. Spot asset dividend yields qS,i are deterministic and
all other rates are deterministic spreads over the relevant ri rate such that

rL,i,τ (t) = ri(t) + sL,i,τ (t)

rC(t) = riC (t) + sC(t)

rF,i,j(t) = ri(t) + sF,i,j(t)

γC(t) = riC (t) + sβ,C(t)

γS,i(t) = ri(t) + sβ,Si(t)

γX,i(t) = rd(t) + sX,i(t)

rφ,i(t) = ri(t) + sφ,i(t)

rψ,i(t) = ri(t) + sψ,i(t).

(2)

The spreads sF,i,j and sX,i are the funding and cross-currency basis spreads respectively and as we
will see these will appear together in the valuation adjustment formulas. In the absence of bond
basis it is straightforward to show that

sF,i,j = (1−RF,i,j)λB (3)

where λB is the deterministic spread of a (potentially hypothetical) bank zero recovery bond inde-
pendently of the denomination currency. Analogously the spread of a counterparty zero recovery
bond is given by λC := rC−γC

1−RC .
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For the remainder of this paper we suppress the explicit dependence on t to improve the clarity of
the exposition and write P−

F,i,j := PF,i,j(t
−).

4 Valuation by semi-replication

We consider a derivative portfolio whose trades pay the total amount H(r(T ), S(T ), X(T )) in
domestic currency on the same date T provided that the bank and the counterparty are both alive.
The total value in domestic currency of the portfolio including funding, collateral and counterparty
risk is denoted by V̂ and is an asset to the bank if positive. Moreover we let V̂ = V̂ (t, r, S,X, JB, JC)
and use the generic boundary conditions V̂ (t, r, S,X, 1, 0) = gB(t) and V̂ (t, r, S,X, 0, 1) = gC(t).

4.1 Semi-replication

Extending Kjaer [2] we consider the bank balance sheet consisting of a derivative book with value
V̂ and a hedging and funding portfolio Π = ΠS + ΠZ + ΠX + ΠC + ΠF + Πφ + Πψ with

ΠS =
∑
i

Xi(δS,iSi + αS,iβS,i)

ΠZ =
∑
i

Xi(δZ,iZ
T0
r,i + αZ,iβZ,i)

ΠX =
∑
i

(δX,iXiZ
T1
r,i + αX,iβX,i)

ΠC = (δCPC + αCβC)XiC

ΠF =
∑
i,j

δF,i,jXiPF,i,j

Πφ =
∑
i

Xiαφ,iβφ,i

Πψ =
∑
i

Xiαψ,B,iβψ,i.

A positive weight means the bank is long the asset or account and we define the collateral account
balances per currency as φi := αφ,iβφ,i, ψB,i = αψ,B,iβψ,i and ψC,i = αψ,C,iβψ,i with αψ,B,i ≥ 0 and
αψ,C,i ≤ 0.

As in the single currency setup repo-financing and the requirement that V̂ + Π = 0 except possibly
at bank default imply that the funding weights δF,i,j must satisfy the multi-currency funding
constraint

V̂ + ΠF + Πφ + Πψ = 0. (4)

We can now use Itô’s lemma, the boundary conditions gB and gC , the funding constraint (4), the
no-basis condition (3) and choose the hedge ratios δS,i, δZ,i, δX,i and δC such that the market and
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counterparty default risks are hedged out to obtain the balance sheet dynamics as

d(V̂ + Π) =
{∂V̂
∂t

+AV̂ + λB(gB − V̂ ) + λC(gC − V̂ ) +
∑
i,j

γX,iδF,i,jXiPF,i,j

+
∑
i

γφ,iXiφi +
∑
i

γψ,iXiψB,i

}
dt+ εh(dJB − λBdt)

(5)

with the parabolic operator A given in its full grandeur in Appendix A, effective domestic collateral
rates γφ,i := rφ,i − ri + γX,i and γψ,i := rψ,i − ri + γX,i and hedge error at own default εh :=

gB − V̂ −
∑

i,j(1−RF,i,j)XiδF,i,jPF,i,j . The full proof is given in Appendix A.

To make the balance sheet dynamics (5) look more like its singe-currency equivalent in Kjaer [2]
we first express the funding strategy in terms of the funding weights ωFij defined via the relation

δF,i,jXiPF,i,j = −ωFij(V̂ +Πφ+Πψ). The funding constraint implies
∑

ij ω
F
ij = 1 and w.l.o.g. we set

one of the weights to one the others to zero if V̂ +Πφ+Πψ = 0. Similarly we define collateral weights

ωφi and ωψi by Xiφi =: ωφi φ
d and XiψB,i =: ωψi ψ

d
B where φd :=

∑
iXiφi and ψdB :=

∑
iXiψB,i and

the two sets of weights sum to one. With this new notation in place we can now rewrite (5) as

d(V̂ + Π) =
{∂V̂
∂t

+AV̂ + λB(gB − V̂ ) + λC(gC − V̂ )− γX,E(V̂ + φd + ψdB) + γφ,Eφ
d + γψ,Eψ

d
B

}
dt

+ εh(dJB − λBdt)
(6)

with effective domestic risk-free rate γX,E := rd +
∑

i,j ω
F
ijsX,i and effective collateral rates γφ,E :=∑

i ω
φ
i γφ,i and γψ,E :=

∑
i ω

ψ
i γψ,i, respectively. The effective risk-free rate depends on the pro-

portion of the total funding requirement raised in each currency and the magnitude of the cross
currency basis spreads. The single currency model by contrast only has one risk-free rate which
consequently does not depend on the funding strategy. The effective collateral rates depend on the
terms of the credit support annex in place between the bank and the counterparty.

4.2 Shareholder and firm values

The definitions of shareholder and firm values discussed at length in Kjaer [2] remain valid after the
extension to multiple currencies. Hence the partial differential equation satisfied by the shareholder
value V̂ is obtained by setting all the dt−terms in the balance sheet dynamics (6) to zero to ensure
it is self-financing to the shareholders while the bank is alive. We thus have that

∂V̂

∂t
+AV̂ − (γX,E + λB + λC)V̂ = −λBgB − λCgC − (γφ,E − γX,E)φd − (γψ,E − γX,E)ψdB + λBεh

V̂ (T, r, S,X, 0, 0) = H(r, S,X)
(7)
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which is very similar in form to the single currency equivalent in Kjaer [2]. Note that depending
on the funding strategy γX,E may depend on t, r, S,X or even V̂ itself so the PDE (7) may be
implicit.

The partial differential equation satisfied by the firm value V̂FV is obtained by removing the λBεh
term on the right hand side of (7). For the firm value to be symmetric between the bank and
the counterparty it must hold that (a) ψB,i = −ψC,i for each currency i like in the single currency
economy, and (b) that both parties use the same currency mix in their respective funding strategies
such that their effective risk-free rates are equal.

4.3 Risk neutral dynamics

By the Feynman-Kac theorem the solution to (7) can be expressed in terms of an expectation Et []
with respect to a probability measure Q under which the short rates, spot asset prices and foreign
exchange rates evolve as

dSi(t) = {γS,i(t)− qS,i(t)− ρSi,XiσS,i(t, Si)σX,i(t,Xi)}Si(t)dt+ σS,i(t, Si)Si(t)dW
Q
S,i(t)

dXi(t) = {γX,i − ri}Xi(t)dt+ σX,i(t,Xi)Xi(t)dW
Q
X,i(t)

dri(t) = {ar,i(t, ri)− ρXi,riσr,i(t, ri)σX,i(t,Xi)}dt+ σr,i(t, ri)dW
Q
r,i(t)

(8)

whereWQ
S,i, W

Q
X,i andWQ

r,i are correlated Q-Wiener processes and ai(t, ri) := µr,i(t, ri)−νr,i(t, ri)σr,i(t, ri)
with νr,i(t, ri) being the market price of currency i interest rate risk defined in Equation (25) in
Appendix A. Moreover, under this probability measure JB(t) and JC(t) are independent Poisson
processes with intensities λB and λC , respectively. Compared to the single currency dynamics in
Kjaer [2] the drifts of foreign interest rates ri and spot assets Si contain quanto adjustments into
the domestic currency i = d. The FX spot rate Xi grows at the domestic rate γX,i rather than rd
which is due to the cross currency basis.

4.4 Reference values

The multi-currency reference value definition is somewhat complicated by the number of different
discounting curves available. To get started we let ξ be an arbitrary domestic rate such that
sξ(t) := ξ(t) − rd(t) is deterministic. We then define the rate ξ-discounted domestic reference
value V d

ξ to be the Feynman-Kac solution V d
ξ (t, r, S,X) = Et [Dξ(t, T )H(r(T ), S(T ), X(T ))] to the

partial differential equation

∂V d
ξ

∂t
+AV d

ξ = ξV d
ξ

V d
ξ (T, r, S,X) = H(r, S,X).

(9)

The rationale for writing down the pricing Equation (9) for the domestic value V d
ξ regardless of

the payoff H is that it can be expressed in terms of the operator A and the rates of table 2. The
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OIS discounted reference values V d
r,ir

is obtained by setting ξ(t) = γX,ir , where ir is some reference
collateral currency (e.g. the one used by a particular clearing house).

The CSA discounted value V d
φ is obtained by setting ξ = γφ,E . For the remainder of this paper we

allow multiple eligible currencies with full substitution rights. In this case γφ,E = maxi γφ,i where
the index i runs over the set of eligible currencies. It follows that sξ(t) = maxi(sφ,i(t) + sX,i(t))
which is deterministic and allows us to construct a cheapest-to-deliver discounting curve γφ,E can
be constructed up-front from its constituents.

5 Funding strategies and valuation adjustments

All but the very largest institutions would raise funding in a single currency so we adapt the single
bond strategy from Kjaer [2] by assuming the existence of a exactly one currency iF bond denoted
by PF,iF (we drop the seniority index j). Under these assumptions on the funding strategy and
the collateral accounts the funding constraint (4) takes the form

XiF δF,iFPF,iF = −V̂ − φd − ψdB. (10)

Our aim is to calculate the valuation adjustments over the OIS discounted reference value V d
r :=

V d
r,ir

defined in Section 4.4. As in the single currency model we write V̂ = V d
r +COLV A+ U and

V̂FV = V d
r + COLV A+ UFV where the Collateral Valuation Adjustment COLV A = V d

φ − V d
r can

be written on integral form as

COLV A(t, r, S,X) = −Et
[∫ T

t
(γφ,E(u)− γX,ir(u))DγX,ir (t, u)V d

φ (u, r(u), S(u), X(u))du

]
(11)

where the expectation is taken with respect to the measure Q introduced in Section 4.3. The spread
inside the integral contains the cross currency basis between the currencies prevailing cheapest to
deliver currency and ir. For counterparties without CSA we set V d

φ := V d
r so COLV A = 0 in this

case.

5.1 Shareholder value adjustment metrics

In Appendix B we prove that U = FCV A+FV A+MVA with the funding curve discounted credit,
funding and margin value adjustments given by

FCV A(t, r, S,X) = −Et
[∫ T

t
λC(u)DγF+λC (t, u)(V d

φ (u)− gC(u))du

]
(12)

FV A(t, r, S,X) = −Et
[∫ T

t
(γF (u)− γφ,E(u))DγF+λC (t, u)(V d

φ (u) + φd(u))du

]
(13)

MVA(t, r, S,X) = −Et
[∫ T

t
(γF (u)− γψ,E(u))DγF+λC (t, u)ψdB(u)du

]
(14)
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where γF := rF,iF −riF +γX,iF is the effective domestic funding rate for currency iF . The valuation
adjustments (12) to (14) look very much like their single currency equivalents in Kjaer [2] except
that they use effective domestic funding and collateral rates which include cross currency basis
spreads. In Section 6 we provide interpretations for these valuation adjustments.

5.2 Firm value adjustment metrics

In Appendix B we prove that UFV = FTDCV A + FTDDV A + FV VMV A + FV IMV A with
the first-to-default credit, first-to-default debit, firm value variation margin and firm value initial
margin value adjustments given by

FTDCV A(t, r, S,X) = −Et
[∫ T

t
λC(u)DγX,iF+λB+λC (t, u)(V d

φ (u)− gC(u))du

]
(15)

FTDDV A(t, r, S,X) = −Et
[∫ T

t
λB(u)DγX,iF+λB+λC (t, u)(V d

φ (u)− gB(u))du

]
(16)

FV VMV A(t, r, S,X) = −Et
[∫ T

t
(γX,iF (u)− γφ,E(u))DγX,iF+λB+λC (t, u)(V d

φ (u) + φd(u))du

]
(17)

FV IMV A(t, r, S,X) = −Et
[∫ T

t
(γX,iF (u)− γψ,E(u))DγX,iF+λB+λC (t, u)ψdB(u)du

]
. (18)

Again the valuation adjustments (15) to (18) look like their single currency equivalents in Kjaer [2]
except that the effective domestic risk-free rate γX,E = γX,iF is used. We discuss any differences
further in Section 6.

6 Model interpretation

Many of the interpretations of the single currency results in Kjaer [2] remain valid for the multi-
currency model. There are also some new features that are unique to the multi-currency setup and
they are the focus of this section.

6.1 COLVA

The collateral valuation adjustment is still the difference in discounting between the OIS and CSA
discounted value and it can be implemented as a basis swap between the bank and the hedge
counterparty as described in Section 6 in Kjaer [2]. For COLV A to be non-zero in the single
currency setup the parties would have agreed on a collateral spread sφ in the credit support annex.
This changes in the multi-currency setup where COLV A becomes a cross currency basis swap
between currency ir and the cheapest to deliver collateral currency. It is necessary to set up this
basis swap to transform the cash flows from unsecured funding and counterparty collateral into
the currency of the hedge counterparty collateral.
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6.2 Shareholder value metrics

Similarly the FV A now uses the effective funding spread γF − γφ,E = sF,iF + sX,iF −maxi(sφ,iφ +
sX,iφ) which remains deterministic but includes the cross currency basis between the funding cur-
rency iF and the cheapest to deliver collateral currency to reflect the cost or gain of transforming
funds between them. The same applies to the spread γF − γψ,E used for the MVA. It follows
that it is possible to eliminate the basis spread dependence from the funding spreads if the funding
and collateral currencies are identical. All the shareholder value adjustments are discounted with
γF +λC as the hedging of the adjustments themselves use the same funding strategy as the risk-free
portfolio value V d

φ .

6.3 Firm value metrics

The firm value metrics also look very similar to their single currency counterparts in Kjaer [2]. One
major difference is that the effective domestic risk-free rate γX,iF is used for discounting rather
than rd. The dependence on the funding currency basis spread in the discounting implies that the
BCV A is only symmetric between the issuer and the counterparty if they use the same funding
strategy and currency, or equivalently, use the same risk-free rate. In the multi-curve setup of
Section 3 it is not equivalent to raise funds at the risk-free rate in one currency and swap into
domestic and raising funds in domestic currency directly.

Another difference is that the spread used for FV VMV A and FV IMV A now include cross cur-
rency basis spreads between the funding and collateral currencies.

6.4 Reporting currency invariance

We will conclude this section by discussing the dependency of the reporting currency. More specif-
ically assume that we embed a single currency i economy in our multi-currency economy such that
(a) H(r, S,X) = XiHi(ri, Si), (b) iφ = iψ = iF = iC = i, (c) gB = XigB,i and (d) gC = XigC,i. In
other words, all trade, collateral and repo account cash flows are denominated in currency i, and
closeout at default is determined in currency i. Under these assumptions we expect to be able to
calculate the reference value, shareholder and firm value metrics in a currency i single currency
model and convert the results into domestic currency at the current spot exchange rate Xi. In
particular we do not expect any of the results to depend on the cross currency basis spread sX,i.
That this is indeed the case is proved in Appendix D. We conclude by noting that if FTDCV A
and FTDDV A had used the domestic risk-free rate rd rather than γX,iF for discounting then this
result would not have been true and these metrics would have shown a sensitivity to the cross
currency basis spread sX,i.

7 Model usage

The model we have developed so far is strictly speaking only valid under the following assumptions
laid out in Sections 3 to 6:
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1. Frictionless continuous time and amount trading.

2. All hedge assets are traded on a collateralised (or repo) basis.

3. The interest rates, spot assets and foreign exchange rates follow a multi-currency hybrid
one-factor IR and local volatility dynamics.

4. The market risk factors are independent of JB and JC .

5. Deterministic cross currency basis, funding, Libor-OIS, collateral and credit spreads.

6. Single bond funding strategy with a single funding currency used.

7. Full re-hypothecation of variation margin collateral.

8. Initial margin collateral is held by a default free third party custodian who pays the interest
on it.

9. The variation and initial margin accounts may have multiple (and different) eligible currencies
with full substitution rights.

10. No basis spreads between bank debt of different seniorities. Cross currency basis between
bank debt in different currencies.

11. Deterministic recovery rates for bank and counterparty debt and derivatives (these recovery
rates can be different).

As mentioned in Kjaer [2] the model can be extended to more asset classes and more advanced
market dynamics without affecting the structure of the valuation adjustments. Moreover, the
additivity property of Burgard and Kjaer [1] holds for the chosen funding strategy. Hence the
calculations presented in this paper can be applied per counterparty and the results aggregated to
book level.

8 Conclusion

We extended the results in Kjaer [2] for a single currency economy to include multi-currency trades,
funding and collateral. This extension is motivated by the fact that cross-currency basis spreads can
be of the same magnitude as bank funding spreads. The resulting valuation adjustment formulas
look very much like their single currency counterparts with the major difference that we have to
use effective funding and collateral spreads which include cross currency basis spreads. Another
difference compared to the single currency setup is that the firm value metrics including the bilateral
credit value adjustment should use the funding currency risk-free rate. All the shareholder value
and firm value adjustment metrics of Sections 5.1 and 5.2 have been implemented in the forthcoming
Bloomberg MARS XVA product.

The model developed in this paper could be used to derive valuation adjustments for more ad-
vanced multi-currency funding strategies. Other possible model extensions would be to introduce
stochastic credit, funding and cross currency basis spreads as well as introducing a devaluation
jump in the counterparty domicile currency upon default.
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A Details of the semi-replication

As described in Section 4 we consider the balance sheet of the bank consisting of the derivative
portfolio with economic value V̂ = V̂ (t, r, S,X, JB, JC) and a hedge and funding portfolio Π given
by Π = ΠS + ΠZ + ΠX + ΠC + ΠF + Πφ + Πψ with

ΠS =
∑
i

Xi(δS,iSi + αS,iβS,i)

ΠZ =
∑
i

Xi(δZ,iZ
T0
r,i + αZ,iβZ,i)

ΠX =
∑
i

(δX,iXiZ
T1
r,i + αX,iβX,i)

ΠC = (δCPC + αCβC)XiC

ΠF =
∑
i,j

δF,i,jXiPF,i,j

Πφ =
∑
i

Xiαφ,iβφ,i

Πψ =
∑
i

Xiαψ,B,iβψ,i

Our general aim is to choose the portfolio weights in a self-financing way such that V̂ + Π = 0
in all scenarios but possibly bank default. By Section 3 all the assets except the bank bonds and
collateral(s) are financed via individual repo-accounts which implies the repo-constraints

δS,iSi + αS,iβS,i = 0

δZ,iZ
T0
r,i + αZ,iβZ,i = 0

δX,iXiZ
T1
r,i + αX,iβX,i = 0

δCPC + αCβC = 0

(19)

must hold for all times t strictly before the counterparty default time. We next insert these repo-
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constraints into the relation V̂ + Π = 0 and obtain the funding constraint

V̂ + ΠF + Πφ + Πψ = 0 (20)

which must also hold before bank default.

Next we want to compute the balance sheet dynamics d(V̂ + Π). Ito’s Lemma for general semi-
martingales combined with the dynamics (1) gives us the dynamics of the derivative portfolio
as

dV̂ =

{
∂V̂

∂t
+A2V̂

}
dt+

∑
i

∂V̂

∂ri
dri +

∑
i

∂V̂

∂Xi
dXi +

∑
i

∂V̂

∂Si
dSi + ∆V̂BdJB + ∆V̂CdJC (21)

where A2 := ASS +AXX +Arr +ASX +ASr +AXr with

ASS :=
1

2

∑
i,j

ρSi,SjσS,i(t, Si)σS,j(t, Sj)SiSj
∂2

∂Si∂Sj

AXX :=
1

2

∑
i,j

ρXi,XjσX,i(t,Xi)σX,j(t,Xj)XiXj
∂2

∂Xi∂Xj

Arr :=
1

2

∑
i,j

ρri,rjσr,i(t, ri)σr,j(t, rj)
∂2

∂ri∂rj

ASX :=
1

2

∑
i,j

ρSi,XjσS,i(t, Si)σX,j(t,Xj)SiXj
∂2

∂Si∂Xj

ASr :=
1

2

∑
i,j

ρSi,rjσS,i(t, Si)σr,j(t, rj)Si
∂2

∂Si∂rj

AXr :=
1

2

∑
i,j

ρXi,rjσX,i(t,Xi)σr,j(t, rj)Xi
∂2

∂Xi∂rj

∆V̂B := gB − V̂
∆V̂C := gC − V̂ .

Self financing and setting all cross-covariations [·, ·] involving at least one (finite variation) account
process to zero yields dΠ = dΠS + dΠZ + dΠX + dΠC + dΠF + dΠφ + dΠψ with
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dΠS =
∑
i

(δS,i(SidXi +XidSi + d[Xi, Si]) + αS,i(βS,idXi +XidβS,i))

dΠZ =

(∑
i

δZ,i(XidZ
T0
r,i + ZT0r,idXi + d[Xi, Z

T0
r,i ]) + αZ,i(XidβZ,i + βZ,idXi)

)

dΠX =

(∑
i

δX,i(XidZ
T1
r,i + ZT1r,idXi + d[Xi, Z

T1
r,i ]) + αX,idβX,i

)
dΠC = (δCdPC + αCdβC)XiC + (δCPC + αCβC)dXiC

dΠF =
∑
i,j

δF,i,j(XidPF,i,j + PF,i,jdXi)

dΠφ =
∑
i

αφ,i(Xidβφ,i + βφ,idXi)

dΠψ =
∑
i

αψ,B,i(Xidβψ,i + βψ,idXi).

(22)

Next we insert the repo-constraints (19) and the asset price dynamics (1) into (22) and expand the
cross-variation terms to obtain

dΠS =
∑
i

XiδS,i {dSi + (ρXi,SiσX,iσS,i − γS,i + qS,i)Sidt}

dΠZ =
∑
i

XiδZ,i

{
dZT0r,i + (ρXi,riσX,iσr,i

∂ZT0r,i
∂ri

− riZT0r,i )dt

}

dΠX =
∑
i

δX,i

{
ZT1r,idXi +XidZ

T1
r,i + (ρXi,riσX,iσr,i

∂ZT1r,i
∂ri

− γX,iZT1r,i )Xidt

}
dΠC = δCXiCP

−
C {(rC − γC)dt− (1−RC)dJC}

dΠF =
∑
i,j

δF,i,jP
−
F,i,j {rF,i,jXidt− (1−RF,i,j)XidJB + dXi}

dΠφ =
∑
i

φi {dXi + rφ,iXidt}

dΠψ =
∑
i

ψB,i {dXi + rψ,iXidt} .

Here φi := αφ,iβφ,i and ψB,i := αψ,B,iβφ,i are the variation and initial margin balances in each
currency i. By Ito’s lemma the bond prices ZTnr,i evolve as

dZTnr,i (t) =

(
∂ZTnr,i
∂t

(t, ri(t)) +
1

2
σ2r,i(t, ri(t))

∂2ZTnr,i
∂r2i

(t, ri(t))

)
dt+

∂ZTnr,i
∂ri

(t, ri(t))dri(t)

so d(V̂ + Π) can be rewritten further as
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d(V̂ + Π) =
∑
i

{ ∂V̂
∂Si

+XiδS,i

}
dSi +

∑
i

{∂V̂
∂ri

+ δZ,iXi

∂ZT0r,i
∂ri

+ δX,iXi

∂ZT1r,i
∂ri

}
dri

+
∑
i

{ ∂V̂
∂Xi

+ δX,iZ
T1
r,i +

∑
j

δF,i,jP
−
F,i,j + φi + ψB,i

}
dXi

+
{
gB − V̂ −

∑
i,j

(1−RF,i,j)XiδF,i,jP
−
F,i,j

}
dJB

+
{
gC − V̂ − δC(1−RC)XiCP

−
C

}
dJC

+
{∂V̂
∂t

+A2V̂ +
∑
i

δS,i(ρXi,SiσX,iσS,i − γS,i + qS,i)XiSi

+
∑
i

XiδZ,i

(∂ZT0r,i
∂t

+
1

2
σ2r,i

∂2ZT0r,i
∂r2i

+ ρXi,riσX,iσr,i
∂ZT0r,i
∂ri

− riZT0r,i
)

+
∑
i

XiδX,i

(∂ZT1r,i
∂t

+
1

2
σ2r,i

∂2ZT1r,i
∂r2i

+ ρXi,riσX,iσr,i
∂ZT1r,i
∂ri

− riZT1r,i − (γX,i − ri)ZT1r,i
)

+ δCXiCP
−
C (rC − γC) +

∑
i,j

δF,i,jrF,i,jXiP
−
F,i,j

+
∑
i

φirφ,iXi +
∑
i

ψB,irψ,iXi

}
dt.

(23)

We can eliminate all the dSi, dri, dXi and dJC terms in (23) if we set

δS,i = − 1

Xi

∂V̂

∂Si

δX,i = − 1

ZT1r,i

 ∂V̂

∂Xi
+
∑
j

δF,i,jP
−
F,i,j + φi + ψB,i


δZ,i = − 1

∂Z
T0
r,i

∂ri

(
1

Xi

∂V̂

∂ri
+ δX,i

∂ZT1r,i
∂ri

)

δC =
gC − V̂

(1−RC)XiCP
−
C

(24)

where we defer expanding δX,i inside the expression for δZ,i in order to simplify the remaining
algebra somewhat. Before proceeding we introduce the market price of currency i interest rate risk

νr,i(t, ri) :=

∂ZTnr,i
∂t + 1

2σ
2
r,i(t, ri)

∂2ZTnr,i
∂r2i

+ µr,i(t, ri)
∂ZTnr,i
∂r − riZ

Tn
r,i

σr,i(t, ri)
∂ZTnr,i
∂ri

(25)
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which we use to define the risk-adjusted interest rate drift ar,i(t, ri) := (µr,i(t, ri)− νr,i(t, ri)σr,i(t, ri)).
We now insert the hedge ratios (24) into (23) and substitute ar,i and δX,i where applicable and
obtain

d(V̂ + Π) =
{∂V̂
∂t

+A2V̂ +
∑
i

(γS,i − qS,i − ρXi,SiσX,iσS,i)Si
∂V̂

∂Si

+
∑
i

(ar,i − ρXi,riσX,iσr,i)
∂V̂

∂ri

+
∑
i

(γX,i − ri)Xi

 ∂V̂

∂Xi
+ φi + ψB,i +

∑
j

δF,i,jP
−
F,i,j


+
∑
i,j

δF,i,jrF,i,jXiP
−
F,i,j +

∑
i

rφ,iXiφi +
∑
i

rψ,iXiψi

+

(
rC − γC
1−RC

)
(gC − V̂ )

}
dt+

{
gB − V̂ −

∑
i,j

(1−RF,i,j)XiδF,i,jPF,i,j

}
dJB

(26)

In order to enhance the aesthetic appeal of the final result we introduce some further notation

AS :=
∑
i

(γS,i − qS,i − ρSi,XiσS,i(t, Si)σX,i(t,Xi))Si
∂

∂Si

AX :=
∑
i

(γX,i − ri)Xi
∂

∂Xi

Ar :=
∑
i

(ar,i(t, ri)− ρXi,riσr,i(t, ri)σX,i(t,Xi))
∂

∂ri

A := A2 +AS +Ar +AX

λC :=
rC − γC
1−RC

γF,i,j := rF,i,j + γX,i − ri
γφ,i := rφ,i + γX,i − ri
γψ,i := rψ,i + γX,i − ri.

We are now in a position to write down the final version of the balance sheet dynamics as
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d(V̂ + Π) =
{∂V̂
∂t

+AV̂ + λC(gC − V̂ ) +
∑
i,j

γF,i,jδF,i,jXiP
−
F,i,j

+
∑
i

γφ,iXiφi +
∑
i

γψ,iXiψB,i

}
dt

+
{
gB − V̂ −

∑
i,j

(1−RF,i,j)XiδF,i,jPF,i,j

}
dJB.

(27)

The no-basis condition (3) implies that γF,i,j = γX,i + (1 − RF,i,j)λB which we insert into (27) to
obtain

d(V̂ + Π) =
{∂V̂
∂t

+AV̂ + λB(gB − V̂ ) + λC(gC − V̂ ) +
∑
i,j

γX,iδF,i,jXiP
−
F,i,j

+
∑
i

γφ,iXiφi +
∑
i

γψ,iXiψB,i

}
dt

+ εh(dJB − λBdt).

(28)

where we also defined the balance sheet hedge error at bank default as εh := gB − V̂ −
∑

i,j(1 −
RF,i,j)XiδF,i,jP

−
F,i,j .

B Derivation of the valuation adjustments

In this section we derive the shareholder and firm value adjustments. Since they apply strictly
before the default of any of the parties we write P−

F,i,j = PF,i,j from now on. Variation and initial
margin collateral allow multiple eligible currencies and has full substitution rights.

B.1 Shareholder value adjustments

We first insert the single bond strategy δF,iFXiFPF,iF = −V̂ − φd − ψdB into the balance sheet
dynamics (27) before setting the dt−terms to zero to obtain

∂V̂

∂t
+AV̂ − (γF + λC)V̂ = −λCgC + (γF − γφ,E)φd + (γF − γψ,E)ψdB

V̂ (T, r, S,X, 0, 0) = H(r, S,X).

(29)

The partial differential equation (29) is expressed directly in terms of the effective funding rate γF
introduced in Section 5.1 rather than λB. Next we insert the ansatz V̂ = V d

φ + U into (29) and

subtract γφ,EV
d
φ from both sides to obtain
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∂V d
φ

∂t
+AV d

φ − (γF + λC)V d
φ − γφ,EV d

φ +
∂U

∂t
+AU − (γF + λC)U = −γφ,EV d

φ − λCgC + (γF − γφ)φd

+ (γF − γψ,E)ψdB.

V d
φ (T, r, S,X) + U(T, r, S,X) = H(r, S,X).

Recognising the PDE (9) with ξ = γφ,E satisfied by V d
φ on the left hand side allows us to eliminate

terms, and after some algebra we get

∂U

∂t
+AU − (γF + λC)U = λC(V d

φ − gC) + (γF − γφ,E)(V d
φ + φd) + (γF − γψ,E)ψdB

U(T, r, S,X) = 0.
(30)

Finally the Feynman-Kac theorem gives the solution U = FCV A + FV A + MVA where the
valuation adjustments are given in (12) to (14).

The integral formula for COLV A is proved in a similar fashion by inserting the ansatz V d
r =

V d
φ − COLV A into the PDE (9) with ξ = γX,ir .

B.2 Firm value adjustments

By Section 4.2 the firm value is given as the solution to the shareholder value PDE (29) with
εh = 0. If we furthermore invoke the zero basis condition (3) then

∂V̂FV
∂t

+AV̂FV − (γX,iF + λB + λC)V̂FV = −λBgB − λCgC

− (γφ,E − γX,iF )φ− (γψ,E − γX,iF )ψB

V̂FV(T, r, S,X, 0, 0) = H(r, S,X).

(31)

The process of deriving the firm value adjustments is very similar to that of the shareholder value
adjustments in Section B.1. First the ansatz V̂FV = V d

φ +UFV is inserted into (31). Second γφ,EV
d
φ

is subtracted from both sides of the PDE and the PDE (9) with ξ = γφ,E is used to eliminate
terms. This yields

∂UFV

∂t
+AUFV − (γX,iF + λB + λC)UFV = λB(V d

φ − gB) + λC(V d
φ − gC)

− (γφ,E − γX,iF )(V d
φ + φd)− (γψ,E − γX,iF )ψdB

UFV(T, r, S,X) = 0

(32)

so by the Feynman-Kac theorem UFV = FTDCV A+FTDCV A+FVMV V A+FV IMV A where
the valuation adjustments are given in (15) to (18).
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C Multiple netting sets and CSAs

Until now we have assumed that all the trades belong to a single netting set and CSA. Like in
the single currency economy in Kjaer [2] we let k, l denote the credit support annex and netting
set indices, respectively. Each CSA has effective curves γφ,E,k and γψ,E,k for variation and initial
margin. As in the single currency model the closeout process is done per netting set and the
proceeds are additive so it holds that gB =

∑
l gB,l and gC =

∑
l gC,l. Applying the semi-replication

arguments of Section A to these boundary conditions and give the shareholder value as

V̂ =
∑
k

V d
r,k +

∑
k

COLV Ak +
∑
l

FCV Al +
∑
k

FV Ak +
∑
k

MVAk

with V d
r,k being the OIS discounted value per CSA which uses the curve γX,ir,k and

COLV Ak(t, r, S,X) = −Et
[∫ T

t
(γφ,E,k(u)− γX,ir,k(u))DγX,ir,k

(t, u)V d
φ,k(u)du

]
FCV Al(t, r, S,X) = −Et

[∫ T

t
λC(u)DγF+λC (t, u)(V d

φ,l(u)− gC,l(u))du

]
FV Ak(t, r, S,X) = −Et

[∫ T

t
(γF (u)− γφ,E,k(u))DγF+λC (t, u)(V d

φ,k(u) + φdk(u))du

]
MVAk(t, r, S,X) = −Et

[∫ T

t
(γF (u)− γψ,E,k(u))DγF+λC (t, u)ψdB,k(u)du

]
.

Similarly the firm value is given by

V̂FV =
∑
k

V d
r,k+

∑
k

COLV Ak+
∑
l

FTDCV Al+
∑
l

FTDDV Al+
∑
k

FV VMV Ak+
∑
k

FV IMV Ak

with COLV Ak given above and

FTDCV Al(t, r, S,X) = −Et
[∫ T

t
λC(u)DγX,iF+λB+λC (t, u)(V d

φ,l(u)− gC,l(u))du

]
FTDDV Al(t, r, S,X) = −Et

[∫ T

t
λB(u)DγX,iF+λB+λC (t, u)(V d

φ,l(u)− gB,l(u))du

]
FV VMV Ak(t, r, S,X) = −Et

[∫ T

t
(γX,iF (u)− γφ,E,k(u))DγX,iF+λB+λC (t, u)(V d

φ,k(u) + φdk(u))du

]
FV IMV Ak(t, r, S,X) = −Et

[∫ T

t
(γX,iF (u)− γψ,E,k(u))DγX,iF+λB+λC (t, u)ψdB,k(u)du

]
.
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D Reporting currency invariance

In this section we embed a single currency i economy in our multi-currency economy such that
(a) H(r, S,X) = XiHi(ri, Si), (b) iF = iC = i, (c) γφ,E = γφ,i and γψ,E = γψ,i (d) gB = XigB,i
and (e) gC = XigC,i. From this setup it also follows that φd = Xiφi and ψdB = XiψB,i. Our

aim is to insert the assumptions (a) to (d) and the ansatz V̂ (t, r, S,X, 0, 0) = Xi(t)V̂i(t, ri, Si, 0, 0)
into the shareholder value PDE (7) and simplify. First, assumptions (a) to (d) combined with
the single currency i funding strategy yields a hedge error of the form εh = Xiεh,i with εh,i =

gB,i − V̂i − (1 − RF,i)δF,iPF,i. Second, it is straightforward but somewhat tedious to show that

A(XiV̂i) = XiAiV̂i + (γX,i − ri)XiV̂i with the single currency operator Ai defined by

Ai =
1

2
σ2S,i(t, Si)S

2 ∂
2

∂S2
i

+
1

2
σ2r,i(t, ri)

∂2

∂r2i
+ ρSi,riσr,i(t, ri)σS,i(t, S)Si

∂2

∂Si∂ri

+ (γS,i − qS,i)Si
∂

∂Si
+ ar,i(t, ri)

∂

∂ri
.

Third, the funding strategy implies that
∑

i,j sX,iδF,i,jXiPF,i,j = −Xi(γX,i − rd)(V̂i + φi + ψB,i).
Inserting what we have got so far into the PDE (7) and re-arranging some terms yield

Xi
∂V̂i
∂t

+XiAiV̂i −XiriV̂i +Xi(γX,i − rd)V̂i −Xi(λB + λC)V̂i = −XiλBgB,i −XiλCgC,i

−Xi(rφ,i − ri)φi −Xi(rψ,i − ri)XiψB,i

+Xi(γX,i − rd)V̂i +XiλBεh,i

XiV̂i(T, ri, Si, 0, 0) = XiHi(ri, Si).

Next we can divide both sides by Xi so it is clear that V̂i is the solution to the partial differential
equation

∂V̂i
∂t

+AiV̂i − (ri + λB + λC)V̂i = −λBgB,i − λCgC,i − (rφ,i − ri)φi

− (rψ,i − ri)ψB,i + λBεh,i

V̂i(T, ri, Si, 0, 0) = Hi(ri, Si).

(33)

We recognise that (33) is identical to the single currency economy shareholder value differential
equation in Kjaer [2] so V̂i may be decomposed into single currency valuation adjustments. By
setting εh,i = 0 we can do the same for the firm value V̂FV = XiV̂FV,i.


	Executive summary
	Introduction
	Hedging assets, accounts and rates
	Valuation by semi-replication
	Semi-replication
	Shareholder and firm values
	Risk neutral dynamics
	Reference values

	Funding strategies and valuation adjustments
	Shareholder value adjustment metrics
	Firm value adjustment metrics

	Model interpretation
	COLVA
	Shareholder value metrics
	Firm value metrics
	Reporting currency invariance

	Model usage
	Conclusion
	Details of the semi-replication
	Derivation of the valuation adjustments
	Shareholder value adjustments
	Firm value adjustments

	Multiple netting sets and CSAs
	Reporting currency invariance

